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a b s t r a c t
The goal of this paper is to propose amethod to construct exact expressions and generating
functions for the enumeration of general polyominoes up to translation with respect to
area. We illustrate the proposed method with the construction of the generating functions
for the polyominoes inscribed in a given b × k rectangle with area min+1 and min+2.
These polyominoes are not convex and we use geometric arguments to construct their
generating functions. We use a statistic on polyominoes that we call the index and the
multiplicative property of a diagonal product of polyominoes. From the main generating
functions, we extract the generating functions and exact formulas for convex polyominoes
of index one and two. The formulas obtained suggest an asymptotic evaluation for the
number p(n) of polyominoes of area n different from the usual evaluation based on
numerical results.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A polyomino is an edge-connected set of unit square cells in the discrete plane. The general problem of enumeration
of all polyominoes up to translation has challenged the combinatorics community since the 1970’s and it remains largely
unsolved. Certain classes of polyominoes have been described and enumerated successfully. In particular there now exists
generating functions for several classes of convex polyominoes [1], directed animals and other classes of non convex
polyominoes closely related to convex polyominoes [2]. But the enumeration of general non convex polyominoes remains
undone. A polyomino is horizontally, respectively vertically, convex when its intersection with any horizontal, respectively
vertical, line is connected. It is defined as convexwhen it is both vertically and horizontally convex.
In fact, the only tool that has been developed so far for the enumeration of all polyominoes with respect to area are
computer programs that have been able to count polyominoes of area n up to n = 56 [5]. In this paper we investigate an
ambitiousmethod to construct generating functions for all polyominoes. Our approach, first used in [3], consists in inscribing
polyominoes in a rectangle of given size b × k and use their geometric properties to count them with respect to their area
n. A polyomino is said to be inscribed in a rectangle when it is included in the rectangle and its perimeter touches the four
sides of the rectangle. The minimal area of polyominoes inscribed in a rectangle of size b × k is n = b + k − 1 and exact
expressions and generating functions for these polyominoes which are convexwere given in [3] as well as exact expressions
for inscribed polyominoes of area min+1.
In this article we present the construction of generating functions for polyominoes of area min+1 and min+2, which
are in general non convex, and we discuss the possibility of extending these constructions to generating functions for
polyominoes of area min+r for arbitrary positive integers r . This goal is, for the moment, out of reach as the number of
cases to be treated increases rapidly with r . Nevertheless, we are not giving up the possibility of improving our method to
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(a) A hook. (b) A staircase. (c) An irreducible
non prime.
(d) A reducible
polyomino.
Fig. 1. Reducible and irreducible non prime polyominoes.
Fig. 2. Diagonal product of prime polyominoes.
(a) r = 0. (b) r = 1. (c) r = 2.
Fig. 3. Prime polyominoes of index r .
tackle more cases or to extract from this study interesting families of polyominoes. Our method involves a classification of
polyominoes and we discuss some of the subclasses and exhibit their generating functions.
The paper is organized as follows. In Section 2 we present basic definitions and results. In Section 3 we construct
generating functions for polyominos of area min+1. In Section 4 we establish generating functions for polyominos of area
min+2 and in Section 5, we conclude with final remarks and discussions.
2. Definitions and recalls
We first recall some facts and establish definitions about inscribed polyominoes that will be needed in the sequel of the
paper. For undefined concepts, we refer the reader to [4]. A polyomino P inscribed in a rectangle of size b × k is of area
min+r if its number of unit squares is n = b + k − 1 + r and the integer r ≥ 0 will be called the index of P . A corner cell
of a polyomino P is a cell x ∈ P situated in a corner of the circumscribed rectangle. Not all polyominoes have a corner cell.
A polyomino is called a corner polyomino if it contains a corner cell in a given corner of the circumscribed rectangle. An
inscribed polyomino is irreducible if the removal of the cells in any row or column along the perimeter of the circumscribed
rectangle either reduces the index r or breaks the connexity of P . An irreducible polyomino of index 2 appears in Fig. 1(c).
A polyomino P is the diagonal product of two polyominoes P1 and P2, written P = P1 × P2, when P1 and P2 are corner
polyominoes with corner cells in opposite corners with respect to a given diagonal of their circumscribed rectangles and P is
the result of the superposition of the corner cells of P1 and P2. Fig. 2 shows the diagonal product of a red polyomino of index
two with a blue polyomino of index one. This diagonal product, sometimes called concatenation, has been used previously
([6] and Ref. therein) to establish asymptotic results on the number p(n) of polyominoes of area n. We use this operation of
diagonal product in the present work to construct generating functions. Diagonal product is non commutative and directed
in the sense that it can be performed on any of the two diagonals of a rectangle when admissible and we have to specify
which diagonal is used when necessary. Since there is no other product of polyominoes in this paper, we will sometimes
refer to P1 × P2 as the product of P1 and P2. A prime polyomino is an irreducible polyomino that is not the diagonal product
of polyominoes of area greater than one. In Figs. 1 and 3, a sample of irreducible and prime polyominoes is shown. If we
remove the green cells in Fig. 1(d) then we obtain a prime polyomino. The only irreducible polyomino of index zero, which
is also prime, is the unit cell shown in Fig. 3(a).
What is the index of the product of two polyominoes? The answer is easy to find. The index function is additive with
respect to diagonal product:
index(P1 × P2) = index(P1)+ index(P2).
In this paper we construct polyominoes P of index r as the diagonal product P = P1 × P2 × · · · × Ps of polyominoes Pi of
lower indices such that index(P1)+ · · · + index(Ps) = index(P).
Our typical generating function, for a given family F(b, k)of polyominoes inscribed in a rectangle of given format b×k, will
be a two variables generating function of the form F(x, y) = b,k f (b, k)xbyk where f (b, k) is the number of polyominoes
in the set F(b, k).
All families of corner polyominoes considered in this paper enjoy a multiplicative property: the generating function of
the diagonal product of two families of corner polyominoes is the product of the generating functions of each family divided
A. Goupil et al. / Discrete Applied Mathematics 161 (2013) 151–166 153
(a) Hook. (b) Staircase. (c) Polyomino of index
zero.
Fig. 4. Polyominoes of index zero.
by xy. The division by xy is the result of the superposition of the corner cells. With this tool in hand, we can find generating
functions of complex sets of polyominoes from generating functions of less complex sets. The following example is typical.
Recall [3] that a hook is a polyomino of index zerowhich is the diagonal product of a horizontal row of cells with a vertical
row and a staircase is the diagonal product of alternating horizontal and vertical rows of cells (see Fig. 4(a) and (b)). It was
proved in [3] that all polyominoes of index zero are obtained as the diagonal product hook× staircase× hook on one of the
diagonals of a rectangle (see Fig. 4(c)). The generating function of staircase polyominoes is S(x, y) =b,k≥1  b+k−2b−1  xbyk =
xy
1−x−y where the exponents b and k give the size b × k of the circonscribed rectangle of the staircase. We define similarly
the generating function of hook polyominoes as H(x, y) = xy+b.k≥2 xbyk = xy+ x2y2(1−x)(1−y) .
Corner polyominoes of index 0 are the diagonal product of a staircase polyomino with a hook polyomino and so the
generating function C0(x, y) of corner polyominoes of index zero is the product S(x, y)H(x, y)/xy:
C0(x, y) = H(x, y)S(x, y)xy =

1+ xy
(1− x)(1− y)

xy
1− x− y

= 2xy
1− x− y −
xy
(1− x)(1− y) .
Wewill need the generating function C˜0(x, y) of non degenerate corner polyominoes of index zerowhich are defined as corner
polyominoes that are not a single row of cells, vertical or horizontal, or a hook. The generating function C˜0(x, y) is obtained
from C0(x, y) by subtracting the term
xy
(1−x)(1−y) :
C˜0(x, y) = 2xy1− x− y −
2xy
(1− x)(1− y) . (1)
3. Area min+1
In this section, we construct the generating function of the set of all polyominoes inscribed in a rectangle of given format
b× k and of area b+ k. More precisely, let p1(b, k) be the number of polyominoes of index 1 inscribed in a rectangle of size
b× k. We are interested in the bivariate generating function P1(x, y) =b≥1,k≥1 p1(b, k)xbyk.
The only shape of prime polyominoes of index r = 1, up to rotation, appears in Fig. 3(b) and, for visual reasons, we call
this polyomino a bench of length t when it is inscribed in a t×2 rectangle. The bench of length t = 2 is a square and because
it possesses more symmetries, it has to be treated separately. Benches of length t ≥ 3 will be called non degenerate benches.
Proposition 1. A polyomino has index one if and only if it contains exactly one bench with each leg made of one cell.
Proof. First observe that if we add one cell to a minimal polyomino that increases its index, then this cell creates a bench
and does not increase the size of the rectangle. But not all polyominoes of index one are obtained by adding a cell to a
minimal polyomino. Suppose that P has index one. If we start with one cell x of P , this unique cell is minimal in its trivial
1 × 1 circumscribed rectangle. Then consider the set P ′ made of x and one neighbor cell taken from P together with its
circumscribed rectangle. If we add to the polyomino P ′ one neighbor cell from P and verify each time the index of the new
polyomino thus obtained, then there must be a cell of P that increases the index of P ′. This cell must create a bench. If we
continue adding the remaining cells of P to P ′ one at a time, the format of the circumscribed rectangle must increase at
every step and there cannot be a second bench that is created. This proves that all polyominoes of index one have exactly
one bench.
On the other hand, if P contains exactly one bench B with each leg made of one cell, then B has index one in its
circumscribed rectangle. If the addition one at the time of the remaining cells of P to the bench increases the index at
one point, then this must be done by the creation of a second bench or by increasing the number of cells in the legs of B.
Since this is impossible, P must have index one. 
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(a) hook× bench× hook. (b) corner × bench× corner.
Fig. 5. Polyominoes of index one. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this
article.)
In order to construct a polyomino of index one, we start from a bench and properly attach to it a polyomino of index
zero. There are two types of attachments of index zero: a hook attachment consists of glueing one horizontal row of cells
on a cell of the bench and one vertical row of cells on a side of the circumscribed rectangle incident to the previous side.
The edge contact between the rows of cells and the bench must be done on the perimeter of the circumscribed rectangle.
In Fig. 5(a) we see a hook attachment of a blue hook on a red bench. The vertical row as two choices for its attachment
and the generating function for this type of attachment will be denoted H˜1(x, y). In the attachment with a green hook in
Fig. 5(a), the vertical row of cells has t choices for its attachment and the generating function for this type of attachment
will be denoted H˜2(x, y). The result of a hook attachment is a polyomino of index one inscribed in a larger rectangle. This
type of hook attachment will sometimes be called a hook product.
The second type of attachment is the diagonal product of a bench with a corner polyomino of index zero. In Fig. 5(b)
we see the diagonal product of a red bench with two corner polyominoes of index zero (in blue and green) to obtain a
polyomino of index one. Observe that the number of hook attachments on a polyomino is dependent on the form of the
polyomino whereas number of attachments of a corner polyomino of index zero is not.
Proposition 2. A polyomino has index one if and only if it is the hook product or the diagonal product of a corner of index zerowith
a bench and again with a hook or a corner of index zero on the opposite side of one diagonal of the bench. This diagonal product
can be taken along any one of the two diagonals of the circumscribed rectangle. As a consequence, if B(x, y) is the generating
function of benches, the generating function P1(x, y) of polyominoes of index one is given by the following product:
P1(x, y) = 2

H˜1(x, y)+ C˜0(x, y)xy

· B(x, y) ·

H˜2(x, y)+ C˜0(x, y)xy

− H˜1(x, y) · B(x, y) · H˜2(x, y) (2)
where H˜1(x, y), H˜2(x, y) and C˜0(x, y) are the respective generating functions of hook attachment and diagonal productwith corner
of index zero on a bench as shown in Fig. 5.
Proof. Because of Proposition 1, a polyomino P of index one contains exactly one bench B. This implies that the remaining
part of P must be of index zero. More precisely the completion of the bench B, to inscribe it in a bigger rectangle, is limited to
two possibilities: either two perpendicular rows of cells are attached to two incident sides of the bench or a non degenerate
corner polyomino of index zero is attached to the corresponding corner of B. Any one of these attachments may be repeated
on the opposite corner of the bench B. Clearly, all polyominoes of index one obey these geometric constraints. The generating
functions H˜i(x, y) and C˜0(x, y) represent the hook attachment and diagonal product with a corner of index zero respectively.
The first term on the right hand side of Eq. (2) has factor 2 to take into account the two diagonals of the bench. But we
have to use inclusion–exclusion because there are attachments that belong to the two diagonals: two hook attachments on
each end of one diagonal also belong to the other diagonal and we have to subtract the corresponding product of generating
functions in the second term of the right hand side of (2) to take this fact into account. 
Now we construct the generating function P1(x, y). Without loss of generality, suppose that we start with a horizontal
bench B of length t as illustrated in Fig. 3. There are two such polyominoes in a rectangle of size t × 2 and its generating
function is B(x, y, t) = 2xty2. The attachment of a horizontal row of arbitrary length, possibly absent, on the left leg of the
bench can be done on either one of the two cells and therefore the generating function of this attachment is 1+ 2x/(1− x).
Similarly the attachment of a vertical row of cells of arbitrary length on the upper side of the bench can be done on either
one of the two cells of the upper side of the bench and the generating function for this attachment is 1+ 2y/(1− y). Thus
applying themultiplicative principle, the generating function H˜1(x, y) of hook attachment on the upper left side of the bench
B is
H˜1(x, y) =

1+ 2x
1− x

1+ 2y
1− y

= (1+ x)(1+ y)
(1− x)(1− y) . (3)
For the hook attachment on the bottom right side of the bench B, the situation is similar except for the fact that there are t
choices for attachment of the vertical row of cells. Thus the generating function H˜2(x, y) of hook attachment on the bottom
A. Goupil et al. / Discrete Applied Mathematics 161 (2013) 151–166 155
right side of the bench B is
H˜2(x, y) =

1+ 2x
1− x

1+ ty
1− y

= (1+ x)(1+ (t − 1)y)
(1− x)(1− y) . (4)
The attachment of a non degenerate corner polyomino of index zero on any corner of the bench is independent of the size
and the position of the bench. By Eq. (1), the generating function for this diagonal product is
C˜0(x, y)/xy = 21− x− y −
2
(1− x)(1− y) . (5)
We have to divide C˜0(x, y) by xy in (5) because of the superposition of the two corner cells in the diagonal product. Using
the multiplicative principle and Eqs. (2)–(5), we have proved the following proposition.
Proposition 3. The generating function P1,h(x, y, t) of polyominoes of index one containing a horizontal bench of given length
t ≥ 3 is given by the following rational expression
P1,h(x, y, t) = 2

H˜1(x, y)+ C˜0(x, y)xy

· B(x, y, t) ·

H˜2(x, y, t)+ C˜0(x, y)xy

− H˜1(x, y) · B(x, y) · H˜2(x, y, t)
= 2xty2

2

(1+ x)(1+ y)
(1− x)(1− y) +
2
1− x− y −
2
(1− x)(1− y)

×

1+ x
1− x

1+ ty
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

− (1+ x)
2(1+ y)
(1− x)2(1− y)

1+ ty
1− y

.
Next we sum over all lengths t ≥ 3. To this end observe that
t≥3
txt = x
3(3− 2x)
(1− x)2 ,

t≥3
xt = x
3
1− x . (6)
Proposition 4. The generating function P1,h(x, y) of polyominoes of index one containing any horizontal bench of length t ≥ 3
is given by the following rational expression
P1,h(x, y) =

t≥3
P1,h(x, y, t)
= 2x
3y2
1− x

2

(1+ x)(1+ y)
(1− x)(1− y) +
2
1− x− y −
2
(1− x)(1− y)

×

1+ x
1− x

1+ (3− 2x)y
(1− x)(1− y)

+ 2
1− x− y −
2
(1− x)(1− y)

− (1+ x)
2(1+ y)
(1− x)2(1− y)

1+ (3− 2x)y
(1− x)(1− y)

.
Proof. Proposition 4 is a direct consequence of Proposition 3 and Eq. (6). 
To complete the construction, we need to compute separately the case where the bench is of length t = 2 because a
2 × 2 square is both a horizontal and vertical bench. Setting t = 2 in Proposition 3 and removing a factor 2, we obtain the
generating function P2×2(x, y) of polyominoes of index one containing a 2× 2 bench:
P2×2(x, y) = x2y2

2

(1+ x)(1+ y)
(1− x)(1− y) +
2
1− x− y −
2
(1− x)(1− y)
2
−

(1+ x)(1+ y)
(1− x)(1− y)
2
. (7)
To finish the construction of the generating function, we need to add the case where benches are vertical. This is obtained
from P1,h(x, y) by exchanging the variables x and y. So we obtain finally
P1(x, y) = P1,h(x, y)+ P1,h(y, x)+ P2×2(x, y). (8)
We do not write here the explicit form of P1(x, y) but it is obtained directly from Proposition 4 and Eqs. (7) and (8). Now if
we are interested in the generating function of the number p1(n) of polyominoes of index one inscribed in any rectangle,
we only have to set x = y in the generating function P1(x, y). We then obtain the following generating function.
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Fig. 6. Bench× Bench.
Corollary 1. The generating function P1(z) of polyominoes of area n inscribed in a rectangle of perimeter 2n has the following
rational form
P1(z) =

n
p1(n)zn = z
4(12z7 − 24z6 − 41z5 − 23z4 + 2z3 + 6z2 + 3z + 10)
(1− z)5(1− 2z)2 (9)
and
p1(n) = 2n−1(5n− 6)− 13 (8n
4 − 88n3 + 430n2 − 902n+ 636). (10)
Proof. Eq. (9) is obtained from Proposition 4 and Eqs. (7) and (8) by setting x = y = z. Eq. (10) is obtained from Eq. (9) by
standard techniques. 
Observe that P2×2(x, y) is the generating function of convex polyominoes of index one so that the sum P1,h(x, y) +
P1,h(y, x) is the generating function of inscribed lattice trees of index one which possess two, three, four or five leaves.
From (7), we obtain
p2×2(n) = 2n−1(n− 2)− 4n3 (n
2 − 6n+ 11), n ≥ 5. (11)
4. Area min+2
Classification. First observe that a polyomino has index two if and only if it contains two distinct benches. These two benches
may share some cells but not all of them. In this section, we present a geometric classification of inscribed polyominoes of
index two based on the disposition of their two benches and we construct the generating function for each class.
4.1. {Bench} × {Bench}
The first class considered is called Bench × Bench and denoted BXB (see Fig. 6). It is, roughly described, the diagonal
product of two corner polyominoes of index one with a common staircase polyomino between them together with their
extensions of index zero. The corner cell must belong to the bench. The geometric structure of these polyominoes along one
diagonal has several equivalent descriptions and we give three in the following:
BXB = {Hook or corner of index 0} × {Bench} × {Staircase}  ×{Bench} × {Hook or corner of index 0},
= {corner of index 1} × {Bench} × {Hook or corner of index 0},
= {Bench corner} × {Staircase} × {Bench corner}. (12)
We will use the structure {Bench corner} := {Hook or corner of index 0}× {Bench}. Again we have to consider separately
the 2× 2 benches and the non degenerate t × 2 benches with t ≥ 3 in the construction of the generating function. So let us
consider the generating function BC(x, y, t) of bench corners defined as polyominoes of index one with a cell from a bench
of given length t in the bottom right corner. Because of Proposition 3, we have
BC(x, y, t) =

(1+ x)(1+ y)
(1− x)(1− y) + 2

2
1− x− y −
2
(1− x)(1− y)

+ 1+ x
1− x

1+ ty
1− y

· xty2
+

(1+ x)(1+ y)
(1− x)(1− y) + 2

2
1− x− y −
2
(1− x)(1− y)

+

1+ tx
1− x

1+ y
1− y

· x2yt , t ≥ 3. (13)
BC2×2(x, y) =

(1+ x)(1+ y)
(1− x)(1− y) +
2
1− x− y −
2
(1− x)(1− y)

x2y2. (14)
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(a) Bench of index two. (b) S shape.
Fig. 7. Prime polyominoes inscribed in a t × 2 rectangle.
In the two terms of Eq. (13), we have separated the cases where the horizontal bench has its legs upward and downward
because the hook attachment is different. So we removed the factor 2 from the series of t × 2 benches B(x, y, t) = 2xty2
and added explicitly the two hook attachments in each bracket. Each of the two terms concerns respectively horizontal and
vertical benches. Eq. (14) gives the expansion for the 2 × 2 bench corners. Now if we sum over t we obtain the generating
function for all Bench corners:
BC(x, y) =

t≥3
BC(x, y, t)+ BC2×2(x, y)
=

(1+ x)(1+ y)
(1− x)(1− y) + 2

2
1− x− y −
2
(1− x)(1− y)

+ 1+ x
1− x

1+ y(3− 2x)
(1− x)(1− y)

· x
3y2
1− x
+

(1+ x)(1+ y)
(1− x)(1− y) + 2

2
1− x− y −
2
(1− x)(1− y)

+ 1+ y
1− y

1+ x(3− 2y)
(1− x)(1− y)

· x
2y3
1− y
+

(1+ x)(1+ y)
(1− x)(1− y) +
2
1− x− y −
2
(1− x)(1− y)

x2y2. (15)
From Eq. (12) the generating function BB(x, y) for all polyominoes of type Bench × Bench on one given diagonal is the
following:
BB(x, y) = BC(x, y)2 · S(x, y). (16)
Since no polyomino of this form belongs to the two diagonals, the generating function for the total number of polyominoes
of type Bench× Bench is 2BB(x, y) and we have proved the following proposition.
Proposition 5. The generating function BXB(x, y) for the total number of polyominoes of type Bench× Bench is
BXB(x, y) = 2BB(x, y)
= 2

(1+ x)(1+ y)
(1− x)(1− y) + 2

2
1− x− y −
2
(1− x)(1− y)

+ 1+ x
1− x

1+ y(3− 2x)
(1− x)(1− y)

· x
3y2
1− x
+

(1+ x)(1+ y)
(1− x)(1− y) + 2

2
1− x− y −
2
(1− x)(1− y)

+ 1+ y
1− y

1+ x(3− 2y)
(1− x)(1− y)

· x
2y3
1− y
+

(1+ x)(1+ y)
(1− x)(1− y) +
2
1− x− y −
2
(1− x)(1− y)

x2y2
2 1
1− x− y . (17)
4.2. Prime polyominoes of size t × 2
The prime polyominoes of index two inscribed in a t × 2 rectangle will be named t × 2 primes. We partition this set in
two subclasses shown in Fig. 7 and called benches of index two and S shapes respectively.
Let us call T2(b, k) the set of inscribed polyominoes of index two that are extensions of t × 2 primes using product with
hooks and corners of index zero. We have
T2 = 2{Hook or corner} × {t × 2 primes} × {Hook or corner} − {Hook} × {t × 2 primes} × {Hook}. (18)
The two types of t×2 primes shown in Fig. 7must be considered separately in the construction of their generating functions
because of the attachment with hooks.
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(a) Benches of index two. Let us call T2ah(x, y, t) the generating function obtained with horizontal benches of index two and
given length t ≥ 4. From Eq. (18),
T2ah(x, y, t) = 2

1+ x
1− x

1+ ty
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

· 2(t − 2)xty2
×

1+ x
1− x

1+ 3y
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

−

1+ x
1− x

1+ ty
1− y

· 2(t − 2)xty2

1+ x
1− x

1+ 3y
1− y

.
Now we sum over all t ≥ 4 to obtain the generating function T2ah(x, y) of horizontal benches of index two. Observe that
t≥4
(t − 2)xt = x
4(2− x)
(1− x)2 ,

t≥4
t(t − 2)xt = x
4(3x2 − 9x+ 8)
(1− x)3 (19)
so that
T2ah(x, y) =

t≥4
T2ah(x, y, t)
= 4

1+ x
1− x

x4(2− x)
(1− x)2 +
x4(3x2 − 9x+ 8)y
(1− x)3(1− y)

+ x
4(2− x)
(1− x)2

2
1− x− y −
2
(1− x)(1− y)

y2
×

1+ x
1− x

1+ 3y
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

− 2

1+ x
1− x

x4(2− x)
(1− x)2 +
x4(3x2 − 9x+ 8)y
(1− x)3(1− y)

y2

1+ x
1− x

1+ 3y
1− y

= x4y2

4

(1+ x)(2− x)
(1− x)3 +
(1+ x)(3x2 − 9x+ 8)y
(1− x)4(1− y) +
2− x
(1− x)2

2
1− x− y −
2
(1− x)(1− y)

×

1+ x
1− x
1+ 2y
1− y +
2
1− x− y −
2
(1− x)(1− y)

− 2

(1+ x)2(2− x)
(1− x)4 +
(1+ x)2(3x2 − 9x+ 8)y
(1− x)5(1− y)

1+ 2y
1− y

. (20)
Again the generating function for vertical benches of index two are obtained from horizontal benches by exchanging x
and y so that the generating function T2a(x, y) of polyominoes of index two obtained from any bench with three legs is
T2a(x, y) = T2ah(x, y)+ T2ah(y, x). (21)
The explicit form of T2a(x, y) is obtained directly from Eq. (20). Let us now consider the second type of t × 2 primes.
(b) S shapes. Referring to Fig. 7(b), we will consider the generating function T2bh(x, y) of horizontal S shapes where i, j ≥ 3.
Following the structure given by Eq. (18) and observing similar hook attachments on the two opposite corners of an S shape,
we have
T2bh(x, y) = 4y
2
x

i≥3
yi

1+ 2x
1− x

1+ (i+ 1)y
1− y

+ 2
1− x− y −
2
(1− x)(1− y)
2
− 2y
2
x

i≥3
xi

1+ 2x
1− x

1+ (i+ 1)y
1− y
2
= 4y
2
x

x3(1+ x)(−2xy− x+ 3y+ 1)
(1− x)3(1− y) +
x3
1− x ·

2
1− x− y −
2
(1− x)(1− y)
2
− 2y
2
x

x3(1+ x)(−2xy− x+ 3y+ 1)
(1− x)3(1− y)
2
= 2y
2x5
(1− x)2

2

(1+ x)(−2xy− x+ 3y+ 1)
(1− x)2(1− y) +

2
1− x− y −
2
(1− x)(1− y)
2
−

(1+ x)(−2xy− x+ 3y+ 1)
(1− x)2(1− y)
2
. (22)
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(a) Perfect bowl. (b) Asymmetric bowl. (c) Symmetric bowl.
Fig. 8. Bowls.
As before, polyominoes of index two containing a vertical S shape are given by T2bh(y, x) and
T2b(x, y) = T2bh(x, y)+ T2bh(y, x). (23)
We develop separately the generating function T3×2,h(x, y) of polyominoes of index two containing a rectangle of size 3×2.
This polyomino is the only convex prime polyomino of index two. We have
T3×2,h(x, y) = x3y2

2

1+ x
1− x
1+ 2y
1− y +
2
1− x− y −
2
(1− x)(1− y)
2
−

1+ x
1− x
2 1+ 2y
1− y
2
. (24)
T3×2(x, y) = T3×2,h(x, y)+ T3×2,h(y, x)
= x3y2

2

1+ x
1− x
1+ 2y
1− y +
2
1− x− y −
2
(1− x)(1− y)
2
−

1+ x
1− x
2 1+ 2y
1− y
2
+ x2y3

2

1+ y
1− y
1+ 2x
1− x +
2
1− x− y −
2
(1− x)(1− y)
2
−

1+ y
1− y
2 1+ 2x
1− x
2
. (25)
Finally from Eqs. (21), (23) and (25), we obtain the generating function T2(x, y) of polyominoes of index two containing a
prime polyomino of index two inscribed in a t × 2 rectangle:
T2(x, y) = T2a(x, y)+ T2b(x, y)+ T3×2(x, y). (26)
4.3. Bowls
We now treat the case where the prime polyominoes have a bowl shape as shown in Fig. 8 where we use the convention
that a 0 in a cell position means a mandatory empty position. We distinguish three types of bowl: perfect, asymmetric and
symmetric bowls. We construct separately these three generating functions starting with perfect bowls.
(a) Perfect bowls. The generating function PBh(x, y, t) of polyominoes of index two containing a horizontal perfect bowl of
given length t ≥ 3 has the following structurewhere cornerwill mean, as before, non degenerate corner polyomino of index
zero.
PBh(x, y, t) = 2{Hook or corner} × Horiz.Bowl× {Hook or corner}
− {Hook} × Horiz.Bowl× {Hook}
= 2

2xty3

1+ 3x
1− x

1+ 2y
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

×

1+ 3x
1− x

1+ ty
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

−× xty3

1+ 3x
1− x

1+ 2y
1− y

·

1+ 3x
1− x

1+ ty
1− y

.
Summing over all lengths t ≥ 3 the preceding expression, the generating function PBh(x, y) for horizontal perfect bowls is:
PBh(x, y) =

t≥3
PBh(x, y, t)
= 4y3

1+ 3x
1− x

1+ 2y
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

×

1+ 3x
1− x

x3
1− x +
yx3(3− 2x)
(1− y)(1− x)2

+ x
3
1− x

2
1− x− y −
2
(1− x)(1− y)

− 2y3

1+ 3x
1− x
2 
1+ 2y
1− y

x3
1− x +
yx3(3− 2x)
(1− y)(1− x)2

.
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Fig. 9. Hooks on a perfect bowl.
Fig. 10. Hook attachment on an asymmetric bowl.
To obtain the generating function for all perfect bowls, we apply symmetrization (see Fig. 9):
PB(x, y) = PBh(x, y)+ PBh(y, x).
(b) Asymmetric bowls. In the case of asymmetric bowls, diagonal product with a corner of index zero is not possible on
one corner and the generating function of asymmetric bowls is different from perfect bowls. Fig. 10 shows the rational
expressions for hook attachments to asymmetric bowls.
Here is the structure of attachments on asymmetric horizontal bowls and its corresponding generating function
ASBh(x, y, t):
ASBh(x, y, t) = {Hook or Corner} × {horiz.asym.Bowl} × {Hook}
+ {Hook or Corner} × {horiz.asym.Bowl} × {Hook or Corner}
− {Hook} × {horiz.asym.Bowl} × {Hook}
= {horiz.asym.Bowl} × [{Hook or Corner} × ({Hook} + {Hook or Corner})− {Hook} × {Hook}]
= 4x x
ty3
1− x

1+ 2x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

· 1+ x
1− x

1+ ty
1− y

+

1+ 2x
1− x

1+ ty
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

×

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

− 1+ 2x
1− x
1+ y
1− y ·
1+ x
1− x

1+ ty
1− y

, t ≥ 2.
We multiplied by four the preceding expression because of the asymmetry of these objects. Then we sum over all t ≥ 2 to
obtain the generating function ASB(x, y) of asymmetric bowls, that can be reduced using the equality
t≥2
xt

1+ ty
1− y

= x
2(1− x+ y)
(1− x)2(1− y) ,
ASBh(x, y) =

t≥2
BOLASh(x, y, t)
= 4xy
3
1− x

1+ 2x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

· 1+ x
1− x
x2(1− x+ y)
(1− x)2(1− y)
+

1+ 2x
1− x
x2(1− x+ y)
(1− x)2(1− y) +
2
1− x− y −
2
(1− x)(1− y)

×

1+ x
1− x
1+ y
1− y +

2
1− x− y −
2
(1− x)(1− y)

x2
1− x

− 1+ 2x
1− x
1+ y
1− y
1+ x
1− x
x2(1− x+ y)
(1− x)2(1− y)

.
To obtain all asymmetric bowls, we add horizontal and vertical bowls:
ASB(x, y) = ASBh(x, y)+ ASBh(y, x).
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Fig. 11. Hook attachment on a symmetric bowl.
(a) First kind. (b) Second kind.
Fig. 12. Large rectangles.
(c) Symmetric bowls. For symmetric bowls, the treatment is similar to the treatment of asymmetric bowls and the hook
attachment is described in Fig. 11.
We obtain the generating function SBh(x, y, t) for horizontal symmetric bowls and then all symmetric bowls:
SBh(x, y, t) = {hook or corner} × {horiz.asym.bowl} × {hook}
+ {hook or corner} × {horiz.asym.bowl} × {hook} − {hook} × {horiz.asym.bowl} × {hook}
= 2 x
2xty3
(1− x)2

2

1+ 2x
1− x

1+ 2y
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

·

1+ 2x
1− x

1+ ty
1− y

−

1+ 2x
1− x

1+ 2y
1− y

·

1+ 2x
1− x

1+ ty
1− y

, t ≥ 2,
= 2 x
2xty3
(1− x)2

(1+ x)(1+ y)
(1− x)(1− y) +
4
1− x− y −
4
(1− x)(1− y)

· 1+ x
1− x

1+ ty
1− y

, t ≥ 2.
Then,
SBh(x, y) =

t≥2
SBh(x, y, t)
= 2x
2y3
(1− x)2

(1+ x)(1+ y)
(1− x)(1− y) +
4
1− x− y −
4
(1− x)(1− y)

· 1+ x
1− x
x2(1− x+ y)
(1− x)2(1− y) .
So that,
SB(x, y) = SBh(x, y)+ SBh(y, x).
4.4. Large rectangles
We call large rectangles those prime polyominoes formed of two perpendicular benches such that the two cells of one
leg of one bench belong to the seat of the other bench. There are two subclasses of large rectangles shown in Fig. 12.
(a) First kind. In the large rectangles of the first kind, two parameters s and t give length and width of the rectangle as shown
in Fig. 13. The generating function LR1(x, y, t, s) of polyominoes containing a large rectangle of first kind has the following
structure and rational form
LR1(x, y, t, s) = ({hook} × {large rectangle} × {hook or corner}
+ {hook or corner} × {large rectangle} × {hook or corner}
− {hook} × {large rectangle} × {Hook})
= 4xtys

1+ x
1− x
1+ y
1− y

1+ sx
1− x

1+ ty
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

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Fig. 13. Hook attachment to a large rectangle of first kind.
(a) Case 1. (b) Case 2.
(c) Case 3.
Fig. 14. Hook attachment to horizontal large rectangles of second kind.
+

1+ sx
1− x

1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x

1+ ty
1− y

+ 2
1− x− y −
2
(1− x)(1− y)

− 1+ x
1− x
1+ y
1− y

1+ sx
1− x

1+ ty
1− y

, s, t ≥ 3.
Then we sum over s, t to obtain all polyominoes:
LR1(x, y) =

s,t≥3
LR1(x, y, t, s)
= 4x
3y3
(1− x)(1− y)

1+ x
1− x
1+ y
1− y

(1− y− xy+ 2x)(1− x− xy+ 2y)
(1− y)2(1− x)2 +
2
1− x− y −
2
(1− x)(1− y)

+

1− y− xy+ 2x
(1− x)(1− y)
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

×

1+ x
1− x
(1− x− xy+ 2y)
(1− y)(1− x) +
2
1− x− y −
2
(1− x)(1− y)

− 1+ x
1− x
1+ y
1− y
1− y− xy+ 2x
(1− x)(1− y)
1− x− xy+ 2y
(1− y)(1− x)

.
(b) Second kind. Large rectangles of second kind are either horizontal or vertical and they have to be split into three cases
shown in Fig. 14. Here is the structure of generating functions for each horizontal case:
LR2h1(x, y, t, s) = {hook or corner} × {horiz.rectangle} × {hook} + {hook or corner} × {horiz.rectangle}
× {hook or corner} − {hook} × {horiz.rectangle} × {hook},
LR2h2(x, y, t, s) = {hook or corner} × {horiz.rectangle} × {hook} + {hook or corner} × {horiz.rectangle}
× {hook} − {hook} × {horiz.rectangle} × {hook},
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LR2h3(x, y, t, s) = {hook or corner} × {horiz.rectangle} × {hook} + {hook or corner} × {horiz.rectangle}
× {hook or corner} − {hook} × {horiz.rectangle} × {hook}.
We derive from these the corresponding generating functions:
LR2h1(x, y, t, s) = 4xtys

1+ sx
(1− x)

(1+ y)
(1− y) +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1+ sx
1− x

1+ y
1− y +
2
1− x− y
− 2
(1− x)(1− y)

−

1+ sx
(1− x)

1+ y
1− y
1+ x
1− x
1+ y
1− y

, s ≥ 4, t ≥ 3.
LR2h1(x, y) =

s≥4,t≥3
LR2h1(x, y, t, s)
= 4x
3y4
(1− x)(1− y)

2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1− y+ 3x− 2xy
(1− x)(1− y)
1+ y
1− y
+ 2
1− x− y −
2
(1− x)(1− y)

,
LR2h2(x, y, t, s) = 4(t − 3)xtys

1+ x
1− x
(1+ y)
(1− y) +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y

−

1+ x
1− x
1+ y
1− y
2
,
s ≥ 4, t ≥ 4
= 4(t − 3)xtys

2

2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y +

1+ x
1− x
1+ y
1− y
2
,
s ≥ 4, t ≥ 4
LR2h2(x, y) =

s≥4,t≥4
LR2h2(x, y, t, s)
= 4x
4y4
(1− x)2(1− y)

2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y

,
LR2h3(x, y, t, s) = 4xtys

1+ 3x
1− x

(1+ y)
(1− y) +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1+ 3x
1− x

1+ y
1− y +
2
1− x− y
− 2
(1− x)(1− y)

−

1+ 3x
1− x

(1+ y)
(1− y)
1+ x
1− x
1+ y
1− y

, s ≥ 4, t ≥ 3,
= 4xtys

2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

×

1+ 3x
1− x

1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

, s ≥ 4, t ≥ 3.
LR2h3(x, y) =

s≥4,t≥3
LR2h3(x, y, t, s)
= 4x
3y4
(1− x)(1− y)

2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

×

1+ 2x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

.
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(a) H polyomino: FL1. (b) Crab
polyomino: FL2.
(c) Dog
polyomino: FL3.
(d) Staggered
polyomino: FL4.
Fig. 15. Prime polyominoes with four leaves.
Finally the generating function for all large rectangles of second kind is given by the following expression:
LR2(x, y) = LR2h1(x, y)+ LR2h1(y, x)+ LR2h2(x, y)+ LR2h2(y, x)+ LR2h3(x, y)+ LR2h3(y, x).
4.5. Prime polyominos with four leaves
A leaf in a polyomino is a cell with one side contact. The last class of polyominoes of index two to be considered is the
class containing prime polyominoes with four leaves. These polyominoes are obtained from two benches with their legs in
opposite directions and the seats of the two benches must share at least two cells. We partition prime polyominoes with
four leaves into four classes shown in Fig. 15. We attributed a name to each class suggested by their picture.
We apply the same construction method to four leaf polyominoes than in the previous cases and we now give directly
the generating functions FLi(x, y), i = 1..4 for each kind of four leaf polyominoes.
FL1h(x, y) =

t≥3
FL1h(x, y, t)
= x
3y3
1− x

2

1+ 2x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)
2
−

1+ 2x
1− x
1+ y
1− y
2
.
FL2h(x, y) =

t≥5
FL2h(x, y, t)
= 2x
5y3
(1− x)3

2

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

1+ x
1− x
1+ y
1− y −

1+ x
1− x
1+ y
1− y
2
.
FL3h(x, y) =

t≥4
FL3h(x, y, t)
= 4x
4y3
(1− x)2

1+ 2x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

· 1+ x
1− x
1+ y
1− y
+

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)
 
1+ 2x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)

− 1+ x
1− x
1+ y
1− y
1+ 2x
1− x
1+ y
1− y

.
FL4h(x, y) =

t≥4
FL4h(x, y, t) = 2x
4y3
(1− x)3

1+ x
1− x
1+ y
1− y +
2
1− x− y −
2
(1− x)(1− y)
2
.
Adding up the horizontal and vertical generating functions of these four kinds of polyominoes, we obtain the generating
function for the four legs polyominoes:
FL(x, y) =
4
i=1
(FLih(x, y)+ FLih(y, x)) .
We are finally ready to present the generating function for polyominoes of index two.
Theorem 1. The generating function P2(x, y) of polyominoes of index two is the sum of the generating functions of the five classes
of polyominoes presented in this section. Namely
P2(x, y) = BXB(x, y)+ T2(x, y)+ PB(x, y)+ AB(x, y)+ SB(x, y)+ LR1(x, y)+ LR2(x, y)+ FL(y, x).
Proof. It is clear by inspection that the five classes of polyominoes of index two described in this section are mutually
disjoint. We have to prove that any polyomino of index two belongs to one of these five classes. We define a second
classification to verify that no polyomino of index two is left behind.
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Table 1
Numbers P2(b, k) of inscribed polyominoes of index 2.
k b
2 3 4 5 6 7 8 9 10
2 0 1 8 32 88 192 360 608 952
3 1 32 212 784 2133 4803 9490 17042 28459
4 8 212 1396 5154 14192 32824 67284 126078 220336
5 32 784 5154 18944 52488 123652 260616 505362 917690
6 88 2133 14192 52488 147656 356514 775644 1560298 2948792
7 192 4803 32824 123652 356514 887992 2002570 4189208 8249710
8 360 9490 67284 260616 775644 2002570 34071432 10227332 20993048
9 608 17042 126078 505362 1560298 4189208 10227332 23215716 49657888
10 952 28459 220336 917690 2948792 8249710 20993048 49657888 110620672
Table 2
Numbers p2(n) of inscribed polyominoes of index 2 and area n+ 1.
n 4 5 6 7 8 9 10 11 12 13 14
p2(n) 0 2 48 488 3140 14958 57654 190820 565516 1546150 3984446
The second classification uses the concept of linear hole. A linear hole in a polyomino is a set of two cells in a row of the
polyomino together with a sequence of empty positions separating the cells. For example a non degenerate bench contains
one linear hole. Because of this definition, a linear hole is either horizontal or vertical but not both. It is a fact easily verified
that a polyomino of index two has at most two linear holes. More precisely, a polyomino has index two if and only if the
sum of linear holes and 2 × 2 squares equals two. So we define a classification according to the number of linear holes.
Polyominoes with zero holes are the convex polyominoes. Polyominoes with one linear hole contain one 2× 2 square. They
are either a diagonal product of a polyomino of index one containing one non degenerate bench with a polyomino of index
one that contains one 2 × 2 square or the non degenerate bench and the 2 × 2 square share more than one row in which
case the bench and the square share two cells. All these cases have been considered.
Similarly polyominoes with two linear holes can be partitioned into subclasses according to the relative positions of the
holes. If the two linear holes share at most one horizontal row and at most one vertical row, then they are in a diagonal
position with respect to each other and this case have been considered. If the two linear holes share at least two parallel
rows then they form a prime polyomino and there is a limited number of situations. If the two holes are parallel then we
have two parallel benches in a t × 2 rectangle or a bowl or the two benches share part of their seats and are inscribed in a
t × 3 rectangle. If the two linear holes are perpendicular then one leg of a bench is part of the seat of the other bench and
they form the class of large rectangles.
All prime polyominoes of index two just described must have a representative inscribed in a t × 3 rectangle for some
integer t ≤ 5. We have generated all polyominoes of index two inscribed in all rectangles included in a 10× 10 square. All
the polyominoes obtained belong to our classification so that no polyomino is left behind. 
It is easy to turn the generating function P2(x, y) into a univariate generating function by setting x = y. The result is the
generating function P2(z) of polyominoes of index two regardless of the circumscribed rectangle.
Corollary 2. The generating function P2(z) = n p2(n)zn of index two polyominoes of area n + 1 is given by the following
rational expression and its corresponding exact form:
P2(z) = 2z
5(44z10 + 32z9 − 493z8 + 57z7 + 483z6 + 71z5 − 150z4 − 55z3 + 7z2 + 11z + 1)
(1− z)7(1− 2z)3 ,
p2(n) = 2n−4

25n2 − 7n− 107
2

− n
6
45
− 17n
5
3
+ 1889n
4
18
− 806n3 + 267487n
2
90
− 14422n
3
+ 1868. (27)
Tables 1 and 2 present the numbers of polyominoes of index two obtained from our generating functions and computer
programs. In Table 1, the numbers depend on the size of the rectangle and in Table 2 they depend only on the area n.
5. Final remarks
A free monoïd structure. Diagonal product of corner polyominoes is not commutative but the product of corresponding
generating functions is commutative. Diagonal product of two irreducible corner polyominoes of index r > 0 is irreducible.
Factorization of irreducible polyominoes as diagonal product of prime polyominoes is unique. Thus the set of irreducible
polyominoes according to one diagonal is a free associative non commutative monoïd with the prime polyominoes as
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generators andwith the irreducible polyomino of index zero asmultiplicative neutral element. Moreover the index function
provides a natural grading on this monoïd.
Subfamilies of polyominoes. It is possible and quite easy to extract interesting subfamilies of polyominoes from the generating
function of inscribed polyominoes of index one and two. In particular, the set of polyominoes that contains no linear hole
is the set of convex polyominoes. Here is the generating function and exact formula for the numbers cv2(n) of convex
polyominoes of index two and area n+ 1:
Corollary 3. The numbers cv2(n) of convex polyominoes of index two and area n+ 1 satisfy the following formulas
CV2(z) =

n
cv2(n)zn = 2z
5(28z7 − 20z6 − 33z5 + 4z4 + 12z3 + 3z2 − z − 1)
(1− z)4(1− 2z)3 ,
cv2(n) = 2n−4

n2 + n− 11
2

− 8n
3
3
+ 8n2 + 254n
3
− 344.
The set of lattice trees [5] of index two is obtained by subtracting from p2(n) the polyominoes that contain a 2×2 square.
Another interesting subfamily is the set of snake polyominoes which are lattice tree polyominoes with only two leaves. We
are particularly interested in snake polyominoes and we consider that they constitute a subject important enough to be
discussed in a separate work.
Asymptotic evaluation of p(n). Eqs. (10) and (27) and the following identity [3]
p0(n) = 2n+2 − 12 (n
3 − n2 + 10n+ 4)
suggest that the number pr(n) of polyominoes of index r and area n is given by an expression of the form 2n+2−f (r)pr(n) −
qr(n) where f (r) is an unknown integer function of r, pr(x) is a polynomial of degree r and qr(x) is another polynomial of
unknown degree so that the total number p(n) of polyominoes of area nwould appear to be of the form
p(n) =

r
pr(n) =

r

2n+2−f (r)pr(n)− qr(n)

. (28)
For integers n = m2 that are perfect squares, the maximal index is (m− 1)2 and the value (√n− 1)2 is a maximum for the
index of all integers n. Expression (28) is different from the current asymptotic evaluations found in the literature which
is based on numerical results and has the form p(n) = 0,0.3169·(4,06257)nn [5]. We believe that further work following the
method proposed in this paper will bring more precision to the asymptotic approximation (28). Among the five classes of
polyominoes of index two considered in ourwork, themost important in quantitative terms is the class Bench×Bench. Since
it is relatively easy to compute the generating function of the extension of this class to index r , it would be interesting to
compare its importance with other classes of index r .
Polyominoes of index r > 2. It is certainly feasible to compute generating functions for polyominoes of index three and four
with the method used in this article but the task of computing pr(n) becomes increasingly complex as the number of prime
polyominoes increases rapidly with r . So far the general strategy for the construction of generating functions of arbitrary
index r is based on the diagonal products of prime polyominoes with hook and staircase attachments. The sum over the
indices of each prime polyomino giving r . Despite the increasing complexity of the constructions, this approach brought a
finer understanding of the geometric nature of polyominoes in the light of their index. We plan to continue our reflexions
and investigations to simplify and mechanize further this construction method of generating functions of polyominoes.
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